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LOI NOI PAU

Bai todan giao viéc (Assignment Problem) la mét truong hop riéng quan
trong ctia bai toan qui hoach tuyén tinh va c6 quan hé gan giii v6i bai toan van
tai (Transportation Problem) va bai toan nguoi du lich (Traveling Salesman
Problem) trong t6i wu t6 hop va 1y thuyét do thi. Bai toan giao viéc co nhiéu
tmg dung thiét thuc, da dang trong thyc tidn va luon 1a chu dé hap dan cua t6i
uu hoa. Hién van ¢ nhiéu nghién ctru dé cap toi bai toan giao viéc nham tong
quat va mé rong pham vi ing dung cua bai toan.

Phwong phdp Hungari (Hungarian Method) rat doc ddo va hiéu qua dé
giai bai toan giao viéc. Tén goi cia phwong phép 1a dé tudng nhé hai nha toan
hoc Hungari: Konig va Egevary, di co cong dau tao ra co sé 1y ludn cho
phuong phap. Harold W. Kuhn 13 ngudi di phat trién va cong bé phuong
phap nay ndm 1955 (xem [6]).

Phuong phap Hungari da tré nén quen thudc, dugc dung rong rai va cé
thé ma rong cho nhiéu bai toan khac cua qui hoach tuyén tinh, trong d6 c6 bai
toan van tai ma thuat toan "thu hep chinh tac" 1a mot dang mé rong nhu thé.

Luan van "Phwong phdp Hungari gidi bdi todn giao viéc tuyén tinh va
md réng" nham muc dich tim hiéu bai toan giao viéc voi ham muyc tiéu tuyén
tinh va cac Gng dung cua bai toan; Phuong phap Hungari giai bai toan giao
viéc tuyén tinh va phuong phap "thu hep chinh tic" giai bai toan van tai (¢
dang ma tran) caa qui hoach tuyén tinh.

Luan van dugc trinh bay trong hai chuong.

Chuong 1 "Phuong phap Hungari va bai toan giao viéc" trinh bay noi
dung bai todn giao viéc véi ham muc tiéu tuyén tinh va mot sb Gmg dung cua
bai toan, déng thoi dé cap to1 mot sb bai toan co lién quan: Bai toan van tai va
bai toan ngudi du lich. Tiép d6, luan van trinh bay phwong phap Hungari quen

thudc giai bai toan va cac vi du minh hoa.
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Chuong 2 "Phwong phép thu hep chinh tic" dé cap t&i bai toan van tai
vé1 ham muc tiéu tuyén tinh, mot dang mo rdng cua bai todn giao vigc tuyén

tinh (khi vé phai nguyén, khac 1) va trinh bay phuong phap "thu hep chinh

7
~

tac" do Gia st Hoang Tuy dua ra trong [3] (c6 chung y tudng voi phuong
phap Hungari) dé giai bai toan.Luan vin dd néu cac vi du minh hoa cho thuat
toan giai d trinh bay. Phan tich quan hé giita phuong phéap thu hep chinh tic
v6i phuong phap Hungari va mot sé phuong phap giai khac co cling ¥ tudng.

Do thoi gian va kién thirc con han ché nén chic chin luin van nay con
c6 nhitng thiéu s6t nhat dinh, kinh mong qui thdy, c¢6 va cac ban dong gop ¥
kién dé tac gia tiép tuc hoan thién luin vin sau nay.

Nhan dip nay, tac gia luan van xin bay to 1ong biét on sau sic tdi GS-TS
Tran Vii Thiéu, ngudi da tan tinh giup d& trong sudt qué trinh lam luan van.
Tac gia chan thanh cam on céc thay gido, ¢6 gido Trudng Pai hoc Khoa hoc -
Pai hoc Thai Nguyén, Vién Toan hoc - Vién Han lam Khoa hoc va Cong
ngh¢ Viét Nam da giang day va tao moi diéu kién thuan loi trong qua trinh tac

gia hoc tap va nghién cuu.
Thai Nguyén, thang 04 ndm 2015

Tac gia

Vi Thi Cuc
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Chwong 1
PHUONG PHAP HUNGARI VA BAI TOAN GIAO VIEC

Chuong nay dé cap to1 bai toan giao viéc, mot dang dac biét cia bai toan
van tai va co nhiéu tng dung rong rdi. Sau khi néu ndi dung va y nghia cua
bai toan, luan van s¢ trinh bay phuong phap Hungari quen thudc giai bai toan
va cac vi du minh hoa. N§1 dung ctia chuong dugc tham khao tir tai li¢u [1],
[4] va [7].

1.1. BAI TOAN GIAO VIEC TUYEN TiNH

Bai toan nay c¢6 ndi dung nhu sau: C6 n nguoi (i=1, 2, ..., n) van cong
viéc (j =1, 2, ..., n). Bé giao cho nguoi i thyc hién cong viéc j can mot chi
phi c;; > 0. Van dé 1a can giao cho ngudi nao 1am viée gi (mdi nguoi chi 1am
mot viéc, mdi viéc chi do mdt ngudi 1am) sao cho chi phi téng cong nhd nhat?

M6 hinh todn hoc cho bai toan nay nhu sau:

n n

Z= ) > CyX; — min (1.1)
i1 -1
véi cac diéu kién
n ~
2 X =1,i=1, .., n(moi nguoi chi lam mot viéc), (1.2)
1
n ~
2. X; =1,j=1,.., n(moéi viéc chi do mdt nguoi lam), (1.3)

i=
x;=0hay1,i=1,..,n,j=1,..,n(bién nhi nguyén).  (1.4)
Vi ¢6 cac diéu kién (1.2), (1.3) nén diéu kién (1.4) c6 thé thay bang
Xjnguyén>0,i=1,2,..,n,j=1,2,..,n.

Bai toan (1.1) - (1.4) goi la bai toan giao viéc v6i ma tran chi phi C = [cj].

S6 héa béi Trung tam Hoc liéu —BDHTN  http://www.ltc.tnu.edu.vn



Pinh nghia 1.1. Cac sb {xjj} théa man (1.2) - (1.4) goi la mot phwrong dn
giao viéc, hay ngan gon 1a mot phirong dn, mot phuong an dat cuc tiéu cia
(1.1) goi la mot phuong an t6i uu hay loi gidi clia bai toan.

Gia st danh sach nguoi va viéc duoc viét theo mot thr tu nhat dinh. Khi
d6 c6 mdt cach giao viéc don gian 1a giao cho nguoi i thuc hién cong viéc & vi
tri thtr i trong danh sach. Néu danh sach cac cong viéc duoc sip xép lai va ta
van giao cho ngudi i lam viéc j trong danh sach thi rat co thé ta s& co chi phi
tong cong nho hon. Van dé 1a can xdo trén danh sach cac cong viéc sao cho
chi phi tong cong 1a nhé nhat. N6i mot cach khac, can tim mot hoan vi 7 = (iy,
I, ..., Iy) cuan $6 1,2, ..., nsao cho téng sb

Clil + C1i2 + ...+ Clin
dat gia tri nho nhat. S6 hoan vi ciansb 1,2, ..., n bang n!, vi thé bai toan c6
n! phuong an.

Ham n! tdng theo ham giai thura: 4! = 24, 10! = 3.628.800 va 100! =
9,3x10™". Tinh va so sanh n! phuwong 4n dé chon ra phuong 4n tdi wu 1a mot
thuat toan khong co6 hiéu qua thuc té, vi d6 1a mot thuat toan thoi gian mii.

MJdi hoan vi cia n sd 1, 2, ..., n co thé dat tuong g vo1 mot ma tran
vudng cap n : X = [x;], véi cac phan tir 0 hodc 1, X;; = 1 c6 nghia 1 ngudi i

duogc giao lam viéc j. Chéing han, hoén vi 3, 1, 2 tuong img v6i ma tran

0 01
X=11 00
010

pé v r’fmg trén moi hang, mdi cOt ctia ma tran X co vira ding mot $6 1 (mot $6
con lai bang 0).

Cung voi bai todn min z, ta c6 thé xét bai toan max z véi cung cac diéu
kién (1.2) - (1.4). Khi do c; biéu thi hiéu qua thu duoc khi giao cho ngudi i
thyuc hién cong viéc j.

Bai toan giao viéc rat gan vdi hai bai toan quen thude sau day.
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* Bai toan vén tai: Can van chuyén mot loai hang (xi ming chang han)
tir m noi cung cip hang (goi 1a tram phdf) t6i n noi tiéu thu hang (goi 14 fram
thu). Cho biét lugng hang ¢6 & tram phat i (i = 1, 2, ..., m) 1a sé p; nguyén >
0, va luong hang can & tram thu j (j = 1, 2, ..., n) 1a s6 g; nguyén > 0 va gia
cudc van chuyén mot don vi hang tir tram phat i tdi tram thu j la ¢;; > 0. Gia
thiét cac p;, q; thoa man diéu kién can bang cung cau: p; + Po + ... + Pm = Q1 +
o + ... + 0. VAn dé& dit ra 1a: can tim mot phuong an van chuyén hang tir mi
tram phat t6i mdi tram thu sao cho moi tram phat déu giao hét lugng hang c6,
moi tram thu déu nhan du luong hang can, va tong chi phi van chuyén 1a nho
nhat? M6 hinh toan hoc cua bai toan nay s& dugc néu & Muc 2.1, Chuong 2.

e Bai toan ngudi du lich: C6 n thanh phd, danh sb tir 1 t6i n. Xuat phat
tr mot trong N thanh phd nay (chang han thanh phd 1), mot khach du lich
mudn téi tham (n - 1) thanh phé con lai, mdi thanh phd vira dung mot lan, roi
trd vé thanh phd xuat phét. Cho biét c;; 1a chi phi di tir thanh phd i t6i thanh
phé J. Gia thiét Cij > 0 v6i moi i # j va cjj = + 0 véi moi i (co thé Cij # ¢ji). Hay
tim cho khach du lich mét hanh trinh ¢ tong chi phi nhé nhat? C6 mot so
cach dién dat toan hoc cho bai toan nay, trong d6 c6 mo hinh tuong tu (1.1) -
(1.4) (xem ching han, [1] tr. 250).

Trong md hinh (1.1) - (1.4) & trén, ta gia thiét s6 ngudi bang sb viéc. Tuy
nhién, c6 thé xét truong hop khi s6 nguoi khac sé viée. Vi du, néu sé ngudi
nhiéu hon s6 viéc, ta thém vao céac viéc gid véi chi phi hay hiéu qua bang 0.

Mot s6 van dé khong lién quan gi toi ngudi va viée ciing co thé giai
quyét nho mé hinh bai toan giao viéc. Chang han, can lip dit cac may vao
nhimg Vi tri khac nhau sao cho ton it chi phi, hay cAn phan cong cac nha may
san xudt cac san pham sao cho dat hiéu qua cao nhat. Ta hay xét vai vi dy.

Vi du 1.1. Mot co so dich vu vira mua 3 loai may méi. Co 4 vi tri thich
hop cho viéc lép dat cac loai may ndy, mdi vi tri dit dugc mot may. Do dic
diém vi tri va do tinh ning ctia mdi may, nén chi phi lip dit va khai thac mdi

may & cac vi tri khac nhau c6 thé khac nhau. Chi phi nay duoc cho & Bang
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1.1. Vi tri 2 khong phu hop dé dat may 2 nén & 6 twong ting khong ghi chi
phi. Can dat may vao nhimg vi tri nao sao cho chi phi tong cong 1a nhé nhat?

Pé dién dat bai toan nay dudi dang bai todn giao viéc, ta thém vao mot
may gia (may 4) cho vi tri thira ra. Dng thoi, gan cho 6 tng véi may 2 va vi
tri 2 mot chi phi bang s6 M kha 16n, dé ngan khong cho dat may 2 & vi tri 2.
Két qua ta nhan dugc Bang 1.2.

Béang 1.1. Dir liéu Vi du 1.1 Bang 1.2. Phuwong 4n t6i uvu
Vi tri Vi tri

Méy 1 1 1 Méy 1 1 1
1 2 ! 3 v 4 1 2 ! 3 v 4
1 |17120 16 15 1 [17:20:16:15
; ; ; 2 |16 M, 14 21

2 |16} - 11421 oaMiLa,
! ! ! 3 110121511
i i 40101010

Ap dung thuat toan giai néu ¢ muc sau, ta nhan dugc 101 gidi: may 1 dat
& vitri 4, may 2 dat ¢ vi tri 3, may 3 dat ¢ vi tri 1, v6i tong chi phi bang 39.
May gia dugc dat ¢ vi tri 2, vi thé vi tri nay c6 thé dung dé dat may thyc trong
tuong lai.

Vi du 1.2. Mot hang san xuat dinh ché tao 4 loai san pham méi bang
cach tan dung nang lyc du thira ciia 4 nha may thudc hang. Hiéu qua san xuat
cua cac nha may dugc cho trong Bang 1.3. Hay tim cach phan cong cho nha
mAy nao san xuat san pham gi (mdi nha may chi san xuat mot loai san pham,
mdi loai san phém chi do mot nha may san Xuét) dé thu dugc hiéu qua téng
cong 16n nhat?

Loi giai: Nha may 1 san xudt san pham I, nha may 2 san xudt san pham
I1I, nha may 3 san xudt san pham IV, nha may 4 san xuét san pham II. Hiéu

qua téng cong bang 30 (xem Bang 1.3).
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Béang 1.3. Dir liéu Vi du 1.2 Bang 1.4. Dir liéu Vi du 1.3

Nha San pham A Cang

may[ | 1 111 IV =373
119:6:3,7 Al3 5175
2 7+9 106 B|4:7:8"3
3|16.:3.2.5 C|3.4.6.2
45 6:5:3 D|5:7:9 "6

Vi du 1.3. O mét cang no co 4 tau A, B, C, D co thé dung dé cho hang
t6i 4 cang 1, 2, 3, 4. Do su khac nhau vé loai tdu va loai hang nén tong chi phi
xép, d& va van chuyén hang trén cac tau khac nhau téi cac cang khac nhau co
su khac bi¢t dang ké. Céc chi phi nay dugc cho & Bang 1.4. Van dé 1a diéu tau
ndo ti cang nao (mdi tiu téi mot cang, mdi cang cdé mot tau toi) sao cho chi
phi tong cong ctia ca 4 chuyén hang 1a nho nhat?

MGt trong sb cac 1oi gidil: A—>1,B—>4,C—2,D— 3, voi téng chi
phi bang 19 (xem Béng 1.4).

1.2. PHUONG PHAP HUNGARI

Bai toan (1.1) - (1.4) 1a truong hop riéng cia mod hinh bai toan van tai,
trong d6 s6 dia diém san xuét bang sd dia diém tiéu thy, dong thoi cac kha
nang cung cap p; bang cac yéu cau tiéu thy q; va déu bang 1. Vi thé vé nguyén
tac co thé dung phuong phap giai bai toan vén tai (chang han, thuat toan thé
vi) d¢ giai bai toan giao viéc. Tuy nhién, do cu tric ddc biét ciia bai toan giao
viéc nén c6 nhiing thuat toan giai riéng, hi¢u qua hon. Dudi day s€ trinh bay
mot trong cac phuong phap do, voi tén goi phuwong phap Hungari.

Gia sir ta xét bai toan min z. Trudc hét ta néu mot s6 dinh 1y 1am co so 1y
luan cho phuong phap Hungari.

Pinh ly 1.1. Gid stz ma trdn chi phi cua bai toan (1.1) - (1.4) khong dam
va c6 it nhdt n phan tir bang 0. Hon nita néu n phan tir O ndy nam & n hang

khac nhau va n cot khdac nhau thi phuong dan giao cho nguoi | thuc hién cong
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viéc twong iing voi sé 0 ndy ¢ hang i sé la phirong dn t6i wu (101 gidi) ciia bai
toan (1.1) - (1.4).

Chirng minh. Theo gia thiét cua dinh 1y, moi phuong 4n giao viéc ¢ chi
phi khong am. Trong khi d6, phuong an giao vi¢c néu trong dinh 1y c6 chi phi
bang 0, nén chic chin phuong an d6 13 t6i wu. O

Dinh 1y sau day cho thdy ring ta c6 thé bién doi ma tran chi phi cua bai
toan ma khong lam anh hudng t6i 101 giai ciia néd. Vi thé phuong phap giai
néu dudi ddy sé& thuc hién ¥ tuong bién doi ma tran chi phi cho dén khi dat t6i
ma tran c6 it nhat mot phﬁn tr 0 trén mdi hang va mdi cot.

Pinh ly 1.2. Cho C = [ci] la ma tran chi phi cia bai toan giao viéc
(n ngueot, n viéc) va X* = [X?}] la mét loi gidi (phwong dn t6i wu) ciia bai todn
nay. Gid sir C' la ma trdn nhdn dwoc tir C bang cdch thém sé o # 0 (dwong
hay dm) vao méi phan tir ¢ hang v ciia C. Khi dé6 X* ciing la 16i gidi ciia bai
toan giao viéc voi ma tran chi phi C'.

Chirng minh. Ham muc ti€u cta bai toan giao viéc mdi bang

n n n n n
= ZZCIJ ij — ZZCU ij + Z(er +OL)X”-
i=1 j=1 i=1 j=1 =1
i=r
n n n n n
ZZCU ij + GXZX ZZCIJXU + .
i=1 j=1 =1 i=l j=1

DPéng thurc cudi cung co6 duoc la do tong cac x;j trén moi hang, moi cot déu

bang 1. Vi thé, gia tri nho nhat cua z' dat duoc khi va chi khi

n n

ZZCIJ ij

i=1 j=1
1a nhé nhat. Cuy thé 13, z' dat cuc tiéu tai X = X*, I
Pinh 1y 1.2 van con dung néu ta thém mot hang sé vao mdi phan tir trén
cung mdt cOt ciia ma tran chi phi. Vay, chién thuat cua ta 13 bién doi C b?mg

cach thém hang s6 vao cac hang va cac c¢0t ciia ma tran chi phi.
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